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Def. f: X — Y open <L chvopen f(U) openin Y
Rem. A bijective map f : X — Y is open <= the inverse
f~1:Y — X is continuous.

A continuous bijection f : X — Y is a homeomorphism <= it is
an open map.

Let Kx := {x € X : ||x]| < 1} be the unit ball in the normed
space X. The ball with center xo € X and radius r > 0 can be
written as xo + rKx = {x + ry : y € K,}.

Lem. Let T : X — Y be a linear operator and let Kx and Ky be
unit balls in normed spaces X and Y.

T is an open map <— 3 rKy C T(Kx).
r>0

Moreover if T is open, it has to be surjective.
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T is an open map <— 3 rKy C T(Kx).
r>0

Proof:

“="If T is open, then T(Kx) is an open set. Since 0 € T(Kx),
there is r > 0 such that rKy C T(Kx). Moreover

y — E_'j nrky © L) nT(Kx) = T(U nKx) = T(X).

Whence T(X) =Y.

“«=" Assume that rKy C T(Kx) for some r > 0. Take open
UCX. Let y € T(U) and let x € U be such that Tx = y. Since
U is open, there is 6 > 0 such that x + Kx C U. Note that

y+iorKy Cy+0T(Kx) = Tx+0T(Kx) = T(x+dKx) C T(U).

Hence every point in T(U) is in the interior of T(U). That is
T(U) is an open set. |
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Banach's open operator theorem

Let T € B(X,Y), where X and Y Banach spaces.

T is surjective <= T is open.

Dowéd: “<" It follows from Lem.
“=—"Assume that T is a surjection. Then

Y = T(X) = T(nf:'j1 nKx) = g T (nKx).

By Baire's theorem (as Y is complete) there is n € N such that

Int(T(nKx)) # 0.

Hence there is yp € Y and € > 0 such that yy + eKy C T(nKx).
Since T(X) =Y, there is xp € X such that Txy = yo. Whence

EKy g T(nKx) — Yo = T(nKx) — T(Xo) = T(nKX — Xo)
C T((n+ lIxl)Kx) = (n + [xll) T(Kx).

Dividing by n+ ||xo|| and putting r := T We get i




Up to a closure it is a condition from Lem. To “get rid of the
closure” we show that

T(Kx) C T(2Kx). (2)

Let y € T(Kx). There is x; € Kx such that |y — Tx || < .
Hence

ny — -
y—Tx € £Ky C 3T(Kx) =T (3Kx).
Applying the same argument to y — Tx; € T (3Kx) we may find
WS %KX such that ||(y — Tx1) — Txo|| < 7 and therefore
y—Txa+x)=(U—Txa)— Tx € tKy C T( Kx).

Continuing in this manner we get a sequence {x,}5; C X where

€ = Kx and y—T(q+..+x,) € Q—rnKy.

This second relation implies that T(x; + ... + x,) — y in Y.




While the firs relation (by completeness of X) guarantees that the
series Y >° | x, converges in X, as it is absolutely convergent:

oo
D%
n=1

In particular, > 7, x, € 2Kx. Using continuity (boundedness) of
the operator T we get

o0

<Yl <Y g =2
n=1 n

=1

T <an> =T ( im x; + ... +x,,> = lim T(xx+...+x,) =y,
n=1

Thus y € T(2Kx). This proves the inclusion in (2).

Together with the inclusion (1) this gives rKy C T(2Kx) or
equivalentely 7Ky C T(Kx). Hence T is an open map by Lem. B
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Corl. < T € B(X,Y) and T bijection ) . T B(Y,X)

X, Y Banach spaces

Proof: Since T is surjective, it is open by the Open Mapping
Theorem. Hence for every open U C X the set

(T71)7}(U) = T(U) is open in Y. Thus the operator T~! is
continuous, and therefore bounded. [ |

Cor2. Every two comparable complete norms on X are equivalent. |

Proof: Recall that a norm || - ||; is weaker than || - |2 if

Jes0 Vaex [Ix[lr < allx|l2,

that is the identity operator id : (X, || - ||2) — (X, || - []1) is
bounded. Since id is bijective, its inverse
id (X, |- ]l1) = (X, || - ||2) is bounded by Corl. That is

Jes0 Vxex |IX|l2 < e[ x][1,

which means that the norm || - ||, is weaker than || - ||;. Hence the

two norms are equivalent.
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Def. The graph of a function f : X — Y is the set

F(f) :={(x,f(x)) : x € X} T X x Y.

Lem. The graph of a continuous function is closed:

X, Y metric spaces

< f : X — Y continuous ) _— F(f) closed in X x Y.

Proof: If (xo, o) € ['(f), there is a sequence (x,, y,) € ['(f) such
that (x,, ¥») — (X0, ¥0). By continuity
f(x0) = limy_oo F(Xn) = iMoo Yo = Yo 3

Hence (xo,)0) € T'(f). A

Ex. The converse implication in Lem
does not hold. Let X =Y =R and

1
f(X): x? X7_é07
0, x=0.
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Thm. (Closed graph theorem)

A linear operator T : X — Y between two Banach spaces is
continuous (bounded) <= the graph of T is a closed set.

Proof: We only need to show ‘<=". Note that
1) X x Y is a Banach space with [|(x,y)||xxy := [|x]lx + |l¥|ly
2) T(T) is a closed linear subspace of X x Y.
Hence I'(T) is a Banach space with the norm || - ||xxy. Projections
P, :T(T)— X, where Pi(x,Tx)=x,
P, :T(T)—Y, where Py(x,Tx)= Tx,
are linear and bounded (||P1|| < 1, |Pz]| < 1). In addition Py is
invertible. Hence its inverse

Pl:X —T(T), where P}(x)=(x,Tx)
is bounded by Corl. Hence the operator
T=PopP!

is bounded as a composition bounded operators. Ig/9



